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My Story on EBM

……

2019

First meet EBMs

2019-2021

Obsessed by VI

Generated by score

2021

Stein method...
Slice, diffusion, flow...
Discrete variables...
Representation Learning...
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Binary representation learning on text

• Generative hashing

𝑝! 𝑥, 𝑧 = 𝑝! 𝑥 𝑧 𝑝(𝑧)

𝑥 = {𝑤", 𝑤#, … , 𝑤 $ } 𝑧 = 0,1 %

Binary codes

𝑝! 𝑤"|𝑧 =
exp(𝑧#𝐸𝑤" + 𝑏")

∑$%&
|(| exp(𝑧#𝐸𝑤$ + 𝑏$)

• Softmax decoder

𝑝! 𝑥 𝑧 = ∏"#$
|&| 𝑝! 𝑤" 𝑧) (iid. assumption)

One-hot representation

Shen and Su. NASH: Toward End-to-End Neural Architecture for Generative Semantic Hashing. ACL 2018
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Variational inference

log 𝑝 𝑥 = 𝐸𝐿𝐵𝑂 + 𝐾𝐿(𝑞0(𝑧|𝑥)||𝑝(𝑧))

≥ 𝐸𝐿𝐵𝑂 = 𝐸1! 𝑧 𝑥 log
𝑝! 𝑥 𝑧 𝑝 𝑧
𝑞0 𝑧 𝑥

• Evidence lower bound

• Consistent learning & inference

ℒ = 𝐸2 3 𝐸1!(5|3) log
𝑝! 𝑥 𝑧 𝑝 𝑧
𝑞0 𝑧 𝑥

𝑞0 𝑧 𝑥 ≔ 𝒩(𝑧|𝜇0 𝑥 , 𝑑𝑖𝑎𝑔(𝜎06(𝑥)))

Independent among data

Independent among bits

Our focus: breaking the independence assumption!!!
Zheng and Su. Generative Semantic Hashing Enhanced via Boltzmann Machines. ACL 2020
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Boltzmann machine as posterior

• Lower rank perturbation

𝑏 𝑧 =
1
𝑍 𝑒𝑥𝑝(

1
2 𝑧

#Σ𝑧 + 𝜇#𝑧)

Zheng and Su. Generative Semantic Hashing Enhanced via Boltzmann Machines. ACL 2020

“covariance matrix”

Σ = 𝐷 + 𝑈𝑈# (diagonal + low-rand perturbation matrix)

• Reparameterization
𝑏 𝑧 = ∫ 𝑝 𝑧 𝑟 𝑝 𝑟 𝑑𝑟

𝑝 𝑟 =
1
𝑧&!"#

$
𝑒%! + 1 𝒩(𝑟; 𝜇, Σ)

𝑝 𝑧 𝑟 =&
!"#

$
𝐵𝑒𝑟𝑛𝑜𝑢𝑙𝑙𝑖(𝜎(𝑟!))

𝑧 ∼ 𝑏 𝑧 = 𝑟 ∼ 𝑝 𝑟 , 𝑧 ∼ 𝑝(𝑧|𝑟)

𝑞0 𝑧|𝑥 = 𝐸1! 𝑟 𝑥 𝐵𝑒𝑟𝑛𝑜𝑢𝑙𝑙𝑖 𝑧; 𝑟
Boltzmann machine as variational posterior

𝑟$ 𝑟' 𝑟(

𝑧$ 𝑧' 𝑧(

𝑟 𝑧 𝑥
𝑁
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Cancel out partition function

• Evidence lower bound

ℒ = 𝐸1! 𝑧 𝑥 log
𝑝! 𝑥 𝑧 𝑝 𝑧
𝑒<=! 5 + log 𝑍0

Ranganath et al. Hierarchical Variational Models. ICML 2016
Yin and Zhou. Semi-Implicit Variational Inference. ICML 2018
Zheng and Su. Generative Semantic Hashing Enhanced via Boltzmann Machines. ACL 2020

𝐸" 𝑧 ≔ −
1
2
𝑧#Σ" 𝑥 𝑧 − 𝜇$# 𝑥 𝑧

• An asymptotically-exact lower bound

Qℒ> = ℒ − 𝐸
1! 𝑟 &…> 𝑥 [𝐾𝐿(ℎ> 𝑧 ||𝑞0(𝑧|𝑥))]

ℎ% 𝑧 ≔
1
k
-

&'(

%
𝑝(𝑧|𝑟 & )

= 𝐸1! 5|3 log 𝑝! 𝑥, 𝑧 − 𝐸
1! 𝑟 &…> 𝑥 𝐸@3 5 [log ℎ>(𝑧)]

!ℒ! < $ℒ!"# lim!→%!ℒ! = ℒ
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How to introduce correlation 
among data points?
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Data dependence prior

𝑥$ 𝑥' 𝑥(

𝑝 𝑋, 𝑍 = 𝑝! 𝑋 𝑍 𝑝A(𝑍)

𝑝A 𝑍 = 𝒩(𝑍; 𝐼⨂𝐼B)

𝑋 = {x$, x', x(}

data independence prior

denote as Σ)

ΣA =
1 0 0
0 1 0
0 0 1

𝑝 𝑋, 𝑍 = 𝑝! 𝑋 𝑍 𝑝H(𝑍)

data dependence prior

𝑝H 𝑍 = 𝒩(𝑍; (𝐼 + 𝜆𝐴)⨂𝐼B)
denote as Σ*

ΣH =
1 1 0
1 1 0
0 0 1

𝑝) 𝑍 𝑝* 𝑍

ℒ ≔ 𝐸1! 𝑍 𝑋 log 𝑝! 𝑋 𝑍 − 𝐾𝐿(𝑞0(𝑍|𝑋)||𝑝H(𝑍))
“curse-of-dimensionality”

𝑧$ 𝑧' 𝑧(

𝑥$ 𝑥' 𝑥(

𝑧$ 𝑧' 𝑧(

𝑥$ 𝑥' 𝑥(
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Spanning-tree approximations

Ou and Su. Integrating Semantics and Neighborhood Information with Graph-Driven Generative Models for Document Retrieval. ACL 2021

𝑝J 𝑍 = ∏"∈𝒱 𝑝H(𝑧") ∏(",$)∈ℰ
24(55,56)

24 55 24(56)

𝑞J 𝑍|𝑋 = ∏"∈𝒱 𝑞0(𝑧"|𝑥") ∏(",$)∈ℰ
1!(55,56|35,36)

1! 55|35 14(56|36)

𝑥$

𝑥'

𝑥(

𝑥$

𝑥'

𝑥(

Variance of 𝒒𝝓(𝒛𝒊, 𝒛𝒋|𝒙𝒊, 𝒙𝒋):

𝑑𝑖𝑎𝑔(𝜎"6) 𝑑𝑖𝑎𝑔(𝛾"$⨀𝜎"⨀𝜎$)
𝑑𝑖𝑎𝑔(𝛾"$⨀𝜎"⨀𝜎$) 𝑑𝑖𝑎𝑔(𝜎$6)

𝜸𝒊𝒋 ∈ (𝟎, 𝟏): positive correlated
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Spanning-tree approximations

Ou and Su. Integrating Semantics and Neighborhood Information with Graph-Driven Generative Models for Document Retrieval. ACL 2021

𝑧$ 𝑧' 𝑧(

𝑥$ 𝑥' 𝑥(

/

… …
𝑧$ 𝑧' 𝑧(

𝑥$ 𝑥' 𝑥(
… …

𝑧$ 𝑧' 𝑧(

𝑥$ 𝑥' 𝑥(
… …

Graph driven Tree approximation Mean field

ℒ# =_
"∈𝒱

𝐸1! log 𝑝! 𝑥" 𝑧" − 𝐾𝐿(𝑞0 𝑧" ||𝑝H(𝑧"))

= _
(",$)∈ℰ

𝐾𝐿 𝑞0 𝑧", 𝑧$ ||𝑝H 𝑧", 𝑧$ − 𝐾𝐿 𝑞0 𝑧" ||𝑝H 𝑧" − 𝐾𝐿 𝑞0 𝑧$ ||𝑝H 𝑧$
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Extending to multiple trees

Ou and Su. Integrating Semantics and Neighborhood Information with Graph-Driven Generative Models for Document Retrieval. ACL 2021

𝑥$

𝑥'

𝑥(

𝑥$

𝑥'

𝑥(

𝑥$

𝑥'

𝑥(

𝑥$

𝑥'

𝑥(

𝑝QJ 𝑍 =
1
𝑀
_
#∈#4

𝑝#(𝑍)

𝐺

𝑇* = {𝑇$, 𝑇', 𝑇(}

𝑇$

𝑇'

𝑇(

𝑞QJ 𝑍 =
1
𝑀
_
#∈#4

𝑞#(𝑍|𝑋)

QℒQ# =
1
𝑀
ℒ#
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Structured representation learning
• Expressive prior & posterior
• Combine with advances in GNNs
• Graphical models meet Deep Learning 

(GNN as message passing)

Looking forward
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Enhancing score matching via flow

Gong and Li. Interpreting diffusion score matching using normalizing flow. ICML 2021 INNF+ workshop

𝐹 𝑝, 𝑞 =
1
2𝐸-[ ∇& log 𝑞 𝑥 − ∇& log 𝑝 𝑥 ']

𝑝./0/ 𝑥 = T1#2(0, 0.3) 𝑞! 𝑥 = T1#2(𝜃, 0.3)

• Fitting student-t with score matching
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Enhancing score matching via flow

Barp et al. Minimum Stein Discrepancy Estimators. NIPS 2019
Gong and Li. Interpreting diffusion score matching using normalizing flow. ICML 2021 INNF+ workshop

𝐹 𝑝, 𝑞 =
1
2𝐸-[ ∇& log 𝑞 𝑥 − ∇& log 𝑝 𝑥 ']

Fisher Divergence With diffusion matrix 𝒎(𝒙)

𝐹3 𝑝, 𝑞 =
1
2𝐸-[ 𝒎 𝒙 4(∇& log 𝑞 𝑥 − ∇& log 𝑝 𝑥 )

']

Diffusion Score Matching
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Enhancing score matching via flow

Gong and Li. Interpreting diffusion score matching using normalizing flow. ICML 2021 INNF+ workshop

• Interpreting DSM using flows

𝑝5, 𝑞5
invertible flow Y = 𝑇(𝑋)

𝑝6, 𝑞6

𝑝6 𝑦 = 𝑝5 𝑇7$ 𝑦 𝑑𝑒𝑡
𝜕𝑇7$(𝑦)
𝜕𝑦

𝑞6 𝑦 = 𝑞5 𝑇7$ 𝑦 𝑑𝑒𝑡
𝜕𝑇7$(𝑦)
𝜕𝑦

Fisher Divergence Diffusion Score Matchingm(𝑥) = (∇&𝑇 𝑋 )7$
𝐹(𝑝5, 𝑞5) 𝐹 𝑝6 , 𝑞6 = 𝐹3(𝑝5, 𝑞5)

m(𝑥) = (∇&𝑇 𝑋 )7$
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Enhancing score matching via flow

Gong and Li. Interpreting diffusion score matching using normalizing flow. ICML 2021 INNF+ workshop

• Interpreting DSM using flows

𝐹 𝑝6 , 𝑞6 ≔
1
2E8![‖∇6 log 𝑝6 𝑦 − ∇9 log 𝑞6 𝑦 ‖']

=
1
2𝐸:" ∇9 log 𝑝5 𝑇7$ 𝑦 −∇9 log 𝑞5 𝑇7$ 𝑦 '

=
1
2
𝐸:" ∇9𝑇7$ 𝑦 ; ∇;#$ 9 log 𝑝5 𝑇7$ 𝑦 −∇;#$ 9 log 𝑞5 𝑇7$ 𝑦 '

=
1
2𝐸:% ∇&𝑇 𝑥 7; ∇& log 𝑝5 𝑥 −∇& log 𝑞5 𝑥 '

𝑝5, 𝑞5
invertible flow Y = 𝑇(𝑋)

𝑝6, 𝑞6

𝑝6 𝑦 = 𝑝5 𝑇7$ 𝑦 𝑑𝑒𝑡
𝜕𝑇7$(𝑦)
𝜕𝑦

𝑞6 𝑦 = 𝑞5 𝑇7$ 𝑦 𝑑𝑒𝑡
𝜕𝑇7$(𝑦)
𝜕𝑦

m(𝑥) = (∇&𝑇 𝑋 )7$
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Enhancing score matching via flow

Gong and Li. Interpreting diffusion score matching using normalizing flow. ICML 2021 INNF+ workshop

• Interpreting DSM using flows

𝐹 𝑝6 , 𝑞6 ≔
1
2E8![‖∇6 log 𝑝6 𝑦 − ∇9 log 𝑞6 𝑦 ‖']

=
1
2𝐸:" ∇9 log 𝑝5 𝑇7$ 𝑦 −∇9 log 𝑞5 𝑇7$ 𝑦 '

=
1
2
𝐸:" ∇9𝑇7$ 𝑦 ; ∇;#$ 9 log 𝑝5 𝑇7$ 𝑦 −∇;#$ 9 log 𝑞5 𝑇7$ 𝑦 '

=
1
2𝐸:% ∇&𝑇 𝑥 7; ∇& log 𝑝5 𝑥 −∇& log 𝑞5 𝑥 '

𝑝5, 𝑞5
invertible flow Y = 𝑇(𝑋)

𝑝6, 𝑞6

𝑝6 𝑦 = 𝑝5 𝑇7$ 𝑦 𝑑𝑒𝑡
𝜕𝑇7$(𝑦)
𝜕𝑦

𝑞6 𝑦 = 𝑞5 𝑇7$ 𝑦 𝑑𝑒𝑡
𝜕𝑇7$(𝑦)
𝜕𝑦

m(𝑥) = (∇&𝑇 𝑋 )7$
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Enhancing score matching via flow

Gong and Li. Interpreting diffusion score matching using normalizing flow. ICML 2021 INNF+ workshop

• Interpreting DSM using flows

𝐹 𝑝6 , 𝑞6 ≔
1
2E8![‖∇6 log 𝑝6 𝑦 − ∇9 log 𝑞6 𝑦 ‖']

=
1
2𝐸:" ∇9 log 𝑝5 𝑇7$ 𝑦 −∇9 log 𝑞5 𝑇7$ 𝑦 '

=
1
2
𝐸:" ∇9𝑇7$ 𝑦 ; ∇;#$ 9 log 𝑝5 𝑇7$ 𝑦 −∇;#$ 9 log 𝑞5 𝑇7$ 𝑦 '

=
1
2𝐸:% ∇&𝑇 𝑥 7; ∇& log 𝑝5 𝑥 −∇& log 𝑞5 𝑥 '

𝑝5, 𝑞5
invertible flow Y = 𝑇(𝑋)

𝑝6, 𝑞6

𝑝6 𝑦 = 𝑝5 𝑇7$ 𝑦 𝑑𝑒𝑡
𝜕𝑇7$(𝑦)
𝜕𝑦

𝑞6 𝑦 = 𝑞5 𝑇7$ 𝑦 𝑑𝑒𝑡
𝜕𝑇7$(𝑦)
𝜕𝑦

m(𝑥) = (∇&𝑇 𝑋 )7$
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Enhancing score matching via flow

Gong and Li. Interpreting diffusion score matching using normalizing flow. ICML 2021 INNF+ workshop

𝑝5, 𝑞5
invertible flow Y = 𝑇(𝑋)

𝑝6, 𝑞6
m(𝑥) = (∇&𝑇 𝑋 )7$

𝑝./0/ 𝑥 = T1#2(0, 0.3) 𝑞! 𝑥 = T1#2(𝜃, 0.3)

𝐹3 𝑝, 𝑞 =
1
2
𝐸- 𝒎 𝒙 4(∇& log 𝑞 𝑥 − ∇& log 𝑝 𝑥 )

'

DSM: 𝒎 𝒙 = 𝟏 + 𝒙7𝜽 𝟐

𝟎.𝟔

Gaussian flow: 𝑻𝑮(𝒙) = 𝑭𝑮7𝟏 ∘ 𝑭𝜽(𝒙)
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How to design flow?
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Sampling from discrete EBMs

𝑝! 𝑥 = C&-(E & )
G

, 𝑥 ∈ 0,1 H , 𝑍 = ∫ 𝑓 𝑥 𝑑𝑥

• Metropolis-Hastings sampling

Proposal distribution 𝒒 𝒙7𝒊 𝒙 :

sample index 𝑖 ∼ 𝑞 𝑖 𝑥 , set 𝑥7" = 𝑓𝑙𝑖𝑝_ dim(𝑥, 𝑖)

Acceptance rate:

min exp 𝑓 𝑥7" − 𝑓 𝑥
𝑞 𝑖 𝑥7"
𝑞 𝑖 𝑥 , 1

How to design 𝒒(𝒊|𝒙)?
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Sampling from discrete EBMs

𝑝! 𝑥 = C&-(E & )
G

, 𝑥 ∈ 0,1 H , 𝑍 = ∫ 𝑓 𝑥 𝑑𝑥

• Metropolis-Hastings sampling

Acceptance rate:

min exp 𝑓 𝑥7" − 𝑓 𝑥
𝑞 𝑖 𝑥7"
𝑞 𝑖 𝑥 , 1

high to proposals have high likelihood

𝒒 𝒊 𝒙 ∝ 𝐞𝐱𝐩(𝒇 𝒙-𝒊 − 𝒇 𝒙 )

computational complexity

𝑶(𝑫)

Grathwohl et al. Oops I Took A Gradient: Scalable Sampling for Discrete Distributions. ICML 2021
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Sampling from discrete EBMs

𝑝! 𝑥 = C&-(E & )
G

, 𝑥 ∈ 0,1 H , 𝑍 = ∫ 𝑓 𝑥 𝑑𝑥

• Metropolis-Hastings sampling

Proposal distribution

𝑞 𝑖 𝑥 ∝ 𝑒𝑥𝑝(𝑓 𝑥7" − 𝑓(𝑥))

computational complexity

𝑶(𝑫)

First order Taylor approximation

𝑓 𝑥7" − 𝑓 𝑥 ≈ 𝑥7" − 𝑥 ;∇&𝑓(𝑥)

𝟏 𝒊𝒇 𝒙𝒊 = 𝟎; −𝟏 𝒊𝒇 𝒙𝒊 = 𝟏

= − 2𝑥 − 1 ⨀∇&𝑓 𝑥 "

𝑞 𝑖 𝑥 ∝ exp − 2𝑥 − 1 ⨀∇&𝑓 𝑥 "

computational complexity

𝑶(𝟏)
Grathwohl et al. Oops I Took A Gradient: Scalable Sampling for Discrete Distributions. ICML 2021
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Sampling from discrete EBMs

𝑞 𝑖 𝑥 ∝ exp − 2𝑥 − 1 ⨀∇&𝑓 𝑥 "

Grathwohl et al. Oops I Took A Gradient: Scalable Sampling for Discrete Distributions. ICML 2021
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Applying gradients to ratio matching

• Ratio matching

𝐹I 𝑝; 𝑞 = 𝐸- �
"

log
𝑞(𝑥7")
𝑞(𝑥)

− log
𝑝(𝑥7")
𝑝(𝑥)

'

• Continuous gradients relaxation
cancel out partition function

computational complexity

𝑶(𝑫)

log 𝑝 𝑥7" − log 𝑝 𝑥 ∝ 𝑥7" − 𝑥 ;∇& log 𝑝(𝑥)

= − 2𝑥 − 1 ⨀∇&log 𝑝(𝑥) "

𝑭𝑹𝑳 𝒑; 𝒒 = 𝑬𝒑 − 𝟐𝒙 − 𝟏 𝑻 𝛁𝒙 𝐥𝐨𝐠 𝒒 𝒙 − 𝛁𝒙 𝐥𝐨𝐠 𝒑 𝒙 𝟐

computational complexity

𝑶(𝟏)

Diffusion/flow score matching: 𝒎 𝒙 = 𝛁𝒙𝑻 𝒙 7𝟏 = −(𝟐𝒙 − 𝟏)
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Applying gradients to ratio matching
𝑝 𝑥 ∝ exp(

1
2 𝑥

;Σ𝑥 + 𝜇;𝑥)

• Ratio matching

ℒ = 𝐸- �
"#$

3

𝑓'
𝑞 𝑥
𝑞 𝑥7"

, 𝑓 𝑥 =
1

1 + 𝑥'

𝑥 = 0,1 3

• General score matching

ℒ = 𝐸- �
"#$

3
𝑞 𝑥
𝑞 𝑥7"

'

• Gradient ratio matching

ℒ = 𝐸- − 2𝑥 − 1 ; ∇& log 𝑞 𝑥 − ∇& log 𝑝 𝑥 '

𝑞! 𝑥 ∝ exp
1
2 𝑥

;Σ!𝑥 + 𝜇!;𝑥
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Looking forward

• EBM learning 
• Efficient and accurate gradient estimation 

(slice,  diffusion, stein method)
• Discrete variables (relaxed by gradients, 

enhanced by flow)
• EBM inference
• Sampling from EBMs (graph generation)
• Latent variables (representation learning)


