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Energy-based Models

energy function

exp|—E(x; 0)]

po(x) = 7(6)

normalising constant /

partition function
7(0) = | exp[—E(x;0)]dx

Examples: Gaussian (continuous)
0) = —— (v — )2
>E(x’9)_20-2(x lu')
> 0 ={u0°}

> Z(0) =V2mo?
> x € RPx




Energy-based Models

energy function

exp|—E(x; 0)]

po(x) = 7(6)

normalising constant /
partition function

7(0) = | exp[—E(x;0)]dx

Examples: Restricted Boltzmann Machine (discrete)
> —E(x;0) = bIx + blh + x"TWh
> 6 ={bl, b}, W}
> 7 =Y, nexp[blx + bih+x"TWh]
> x € {0,1}Px, h € {0,1}Pn




Training EBMs

Maximum Likelihood Estimation of @:
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Training EBMs

Maximum Likelihood Estimation of @:

0" = argmaxE para ) [—E(x;0) —log Z(0)]

—VoEp, . o0llogpe(X)] = Ep, . co)lVeE(x;0)] — Ep ) [VoE (x; 6)]

decrease energy around data increase energy around samples

Examples: Restricted Boltzmann Machine
> —E(x;0) =bIx+blh+xTWh

> —VoE,, . ollogpe(x)] =
Epaataperin) Vo E (X )] = Eppny [VoE (x, h; 0)]

sample h conditioned on data simulate h,x ~ pg(x, h) 6



Training EBMs

Maximum Likelihood Estimation of @:

—VoEp,ua1080a(X)] = Ep ., colVoE (6 0)] — Ep, o) [VoE (x; 0)]

Simulate x ~ pg(x) with Langevin dynamics

Xep1 = X —NV,LE(x;0) + /216, e ~N(0,I)

1= 0, Xm0 ~ Po(X)



Training EBMs

Maximum Likelihood Estimation of @:

“VoEpgara[108P0 ()] = Epy 00 [VoE (r; 0)] = Epg [V E (x; 0)]

Simulate x ~ pg(x) with Langevin dynamics

Xep1 = X —NV,LE(x;0) + /216, e ~N(0,I)
1N = 0,Xts00 ~ Do (X)

T

How to simulate samples on DISCRETE space? -



The Family of Locally Balanced Samplers

Locally Balanced ¢ .+ %S Discrete EBMs
Samplers A &2 A Training




Locally Informed Proposals

Metropolis Hastings Sampler
proposal distribution

q(xlx’)}
q(x'|x)

min {1, exp(f(x’) — f(x))

Zanella Giacomo. Informed proposals for local MCMC in discrete spaces. Journal of the American Statistical Association, 2020.
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Locally Informed Proposals

Metropolis Hastings Sampler
proposal distribution

q(xlx’)}
q(x'|x)

min {1, exp(f(x’) — f(x))

Locally-informed proposals

q(x'1x) o« g(exp(f(x") — f(x)))Kq(x"|x)

* K(x'|x): auniform distribution over a local ball of radius o
* exp(f(x") — f(x)): reweight the uninformed kernel according to the target disctribution

. g(t) = Vt: balancing function balances the acceptance and rejection probabilities

Zanella Giacomo. Informed proposals for local MCMC in discrete spaces. Journal of the American Statistical Association, 2020. 11



Gibbs with Gradients

Locally-informed proposals

qCx'|x) o< exp(f (x") = () Lyengo

Common discrete distributions are defined on the top of continuous distributions

Distribution | logp(z) + log Z

Categorical | z76

Poisson! | zlog\ —log'(z + 1)

T T, _.\2
HMM | S, of) Ag, — (g
RBM | 3=, softplus(Wz +b); + 'z
Ising | 2T Wz + b7
Potts ‘ Zle h,,LTIsz + Ef,j:l iL'zTJij.’IIj

Deep EBM | fo(z)

Grathwohl, et al. Oops i took a gradient: Scalable sampling for discrete distributions. ICML, 2021.
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Gibbs with Gradients

Locally-informed proposals

q(x'|x) oc exp(f(x") = () Lyrenrca

Gibbs with Gradients
4 1 T 4
aGe') o exp (5 0T (' = ) Ly

computational complexity:

O(D) - 0(1)

Grathwohl, et al. Oops i took a gradient: Scalable sampling for discrete distributions. ICML, 2021.
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Gibbs with Gradients

Gibbs with Gradients

1

q(x'|x) < exp Efo(x)T(X' —X) | Lyren o)

Target Distribution Underlying Continuous Function

Compute gradients
of continuous
function

ﬁ

Estimate
likelihood ratios

Take softmax to obtain
proposal in original
discrete space

Updated Sample Proposal Distribution

Sample
from proposal

h

Metropolis-Hastings S
4
Step ﬁ

Grathwohl, et al. Oops i1 took a gradient: Scalable sampling for discrete distributions. ICML, 2021.




Path Auxiliary Proposals

Gibbs with Gradients

1-Hamming ball

1
4G 1) & exp (5 Vo f (O (' =0 e

GwG updates 1 bit per MH step => Could we update multi-bits per step?
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Path Auxiliary Proposals

Gibbs with Gradients

1-Hamming ball

1
4G 1) & exp (5 Vo f (O (' =0 e

GwG updates 1 bit per MH step => Could we update multi-bits per step?

Naive Solution: increase the window-size of Hamming ball

1-Hamming ball = K-Hamming ball

0(1) - 0(D¥)

16



Path Auxiliary Proposals

Example: a auxiliary path of length 3

AAA — AAB —» AAC — ABC

Path Auxiliary Proposals

qr (x'1x) = [Th=q q(x*|x*1)

1 _
X Hllgzl eXp (E fo(X)T(Xk — xk 1)) kaEN(xk—l)
K -Hamming ball = K-length path
O(DX) - 0(K)



Path Auxiliary Proposals

Path Auxiliary Proposals

qx (x'|x) = [Ti=1 Q(xk|xk_1)

1 _
o [IR_, exp (E Vo fOO)T (xk — xk 1)) Lken gek1y

PAPs with 1 step from K-Hamming ball
vs GwGs with K steps from 1-Hamming ball

(. £(xF) H’gzlq(x"w"-l)} Koo {
> 15
mln{l, 0 K aG1ah) > [lz=1 minj1,

Sun, et al. Path auxiliary proposal for mcmc in discrete space. ICLR, 2022.
Patrick, et al. Plug & Play Directed Evolution of Proteins with Gradient-based Discrete MCMC. Arxiv, 2022.

f(x®)q(xk|xk—1)

f)q (k=1 |xk)

3
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Path Auxiliary Proposals

Path Auxiliary Proposals

qr(x'|x) = [Tk=q q(x*|x*1)
1 —_
x [[h_q exp (5 Vo f )T (xck — x¥ 1)) Lken gek1y

Optimal choice of K

Theorem: The optimal choice of scale for K = lD,f/ 3 is obtained when the
expected acceptance is 0.574, independent of the target distribution.

The optimal acceptance rates for random walk Metropolis is 0.234.



Discrete Langevin Proposals

Locally-informed proposals

1 1
q(x'|x) o exp (Ef(x') - Ef(?C)) Ko (x'|x)

PAP updates multi-bits per MH step => Could we update all-bits in parallel?

20



Discrete Langevin Proposals

Locally-informed proposals

1 1
q(x'|x) o exp (Ef(X') - Ef(x)) Ko (x']x)

PAP updates multi-bits per MH step => Could we update all-bits in parallel?

/ 1 , 1 ||x1_x||2
o) enp (51 = /00 x| -

fx) = fG) = Ve f () (x" = x)

Zhang, et al. A Langevin-like sampler for discrete distributions. ICML 2022.
Benjamin, et al. Enhanced gradient-based MCMC in discrete spaces. TMLR 2022.
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Discrete Langevin Proposals

Discrete Langevin Proposals

1

0 < exp (~ 5 [[¥ 2~ 5. @)



Discrete Langevin Proposals

Discrete Langevin Proposals

!/ 1 !/ av 2
a1 o exp (= o= ||x = x = SV )
Since x4, X, ..., Xp are independent

q(c'|x) = TTikq qi(x|%:)

' ' 1 ' (xi — x;)°
ai(x{lx) = Categorical { Softmax (5 V,f (0] - x) — 9



Discrete Langevin Proposals

Discrete Langevin Proposals

1

0 < exp (~ 5 [[¥ 2~ 5. @)

A fact might interest you

Discrete Langevin dynamics simulates a gradient flow to minimize the KL
divergence of the target distribution on a discrete Wasserstein-2 space.



Discrete Langevin Proposals

Discrete Langevin Proposals

FG) = f@) |lx' = x||2)

q(x'|x) o exp( > o

Pitfalls of DLP

From locally-informed to globally-informed
=> the accuracy of the gradient approximation diminishes

25



Discrete Langevin Proposals

Discrete Langevin Proposals

FG) = f@) |lx' = x||2)

! X
q(x'|x) exp( > o

Pitfalls of DLP

From locally-informed to globally-informed
=> the accuracy of the gradient approximation diminishes

1
FO) = F@) = Ve fT (6 = 2) 5 (' = 0)TREF ()@ — )

increases computational complexity =~

Sun, et al. Any-scale Balanced Samplers for Discrete Space. ICLR 2023. 26



Discrete Langevin Proposals

Discrete Langevin Proposals

fO) = f) |l = x||2)

! <
q(x'[x) eXp( > o

Pitfalls of DLP

Gradient is ill-defined if natural differentiable extension unavailable

Examples: Facility Location Diversity Models

f(S) = Yies(i — Xa=1Wia) + Xa=1 max Wiq



Multilinear Extension

Discrete Langevin Proposals

FG) = f@) |lx' = x||2)

q(x'|x) o exp( > o

Pitfalls: gradient is ill-defined if natural differentiable extension unavailable

Multilinear Extension

fmt(x) = ZSf(S) Hiesxi Hjeg(l — Xj), X € [O,l]D

28



Multilinear Extension
Multilinear Extension Approximations
fOD) =) = Vyfre ()" (X" —x),  x€{0,1}"
Viefme () = Alf](x) = (ALf](x)1, ..., ALF](X)p)
Alf1(0); = fxo) — f(xp),  ifx €{0,1}°

Xiang, et al. Efficient Informed Proposals for Discrete Distributions via Newton's Series Approximation. AISTAT 2023.

29



Multilinear Extension

Multilinear Extension Approximations
fOxD) =) = Vofrne()' (" —x),  x€{01}°
Vifme () = A[f]1(x) = (A[f1(x)1, ..., Alf1(x)p)
A[f10); = fxo) — f(xp),  ifx €{0,1}"
Connections to Newton’s Series Expansion

w A
) = B == (x — @)y

M@ = 3o (¥) GO+ D) (= 2= 1) (e k+ 1)
f(x) = fx) = A[f1(0) " (x" = x)

first-order Newton’s series expansion

Xiang, et al. Efficient Informed Proposals for Discrete Distributions via Newton's Series Approximation. AISTAT 2023. 30



Miscellaneous

Ratio = A “\\ Discrete EBMs
Matching N =2 A Training




Gradient-Guided Ratio Matching

Ratio Matching

Lry(x;0) = [Ex_,iva(x_,i) lexp(Eg(x) — Eg (x_li))]z

Minimum ratio-matching 8* = arg m@in Lpy(8) implies

Po- (x) Pdata (x) :
= Vi = pe-(x) = Paata(X)
Po+(*~1)  Paata(*~) ke




Gradient-Guided Ratio Matching

Ratio Matching

’CRM('X; 0) — [Ex_,iva(x_,i) [eXp(EQ (X) _ E9 (x_li))]z
Variance Reduction via Importance Sampling

U(x_i)[exp(Eg(x) — Eg(x_;))]?

Lay(x;0) = [Ex_.i"’CI(xﬁi) q(x_;)
=l



Gradient-Guided Ratio Matching

Ratio Matching

’CRM('X; 0) — [Ex_,le(x_,i) [eXp(EQ (x) _ EH (x_li))]z
Variance Reduction via Importance Sampling

U(x_i)[exp(Eg(x) — Eg(x_;))]?
q(x_;)

Lry(x;0) = ]EX_IiNCI(x_Ii)

The optimal proposal is

0t () = [exp(Eg (x) — Eg(x-1))]°
- a=1[exp(Eg(x) — Eg(x_q))]?
Eg(x) — Eg(x_y) = VxEg(x)" (x — x_y)



Miscellaneous

Concrete Score @ 2/ %9 Discrete EBMs
Matching AN = A Training




Concrete Score Matching

Concrete Scores
neighbors of x: N (x) = {xq, ey Xy )

Pdata (xn1 ) — Paata(X)
Pdata (x)

(x; V') =

deata

Meng, et al. Concrete Score Matching: Generalized Score Matching for Discrete Data. NeurlPS 2022.

) wnmn

T
Pdata (xnk) — Paata(x)
Pdata (x)

36



Concrete Score Matching

Concrete Scores
neighbors of x: V' (x) = {xy, ..., Xp, }

T
Pdata (xnl) — Pdata(X) Pdata (xnk) — Paata(X)
Cpynpy (X3 N) =
pdata (x) pdata (X)

Concrete Score Matching

Lesm(®) = 2 2T Paata () (co (e, N)F + 260 (x, V)
—Dix 2711 2Pdata (xnl-)CH (x; V)i



Concrete Score Matching

Concrete Scores
neighbors of x: V' (x) = {xy, ..., Xp, }

T
Pdata (xnl) — Pdata(X) Pdata (xnk) — Paata(X)
Cpynpy (X3 N) =
pdata (x) pdata (X)

Concrete Score Matching

Lesm(®) = 2 2T Paata () (co (e, N)F + 260 (x, V)
—Dix 2711 2Pdata (xnl-)CH (x; V)i

Minimum concrete score matching 8* = arg mein Loy (8) implies

co*(x, ') = deata(x, NIVx = pg-(x) = Paata(X)



Concrete Score Matching

Concrete Score

Co-(x; ) = po-(xn,) —pe-(x)  po-(xn,) — pg*(x)]T

po-(x) Y po-(x)

Inference with Concrete Scores

exp(—Eg (1)) exp(=Eg-(xn))]
exp(—Eg-(x) ' exp(—Eg-(x))

co-(; N)+1 = [

Meng, et al. Concrete Score Matching: Generalized Score Matching for Discrete Data. NeurlPS 2022.

39



Concrete Score Matching

Concrete Score

Co-(x; ) = po-(xn,) —pe-(x)  po-(xn,) — pg*(x)]T

po-(x) Y po-(x)

Inference with Concrete Scores

exp(—Eg- (%)) exp(—Eg-(xn)]
exp(—Ep-(x)) " exp(—Eg-(x))

co-(; N)+1 = [

Metropolis Hastings Sampler

- {1 exp(—Eg+(x")) q(xlx’)}
exp(—Ep-(x)) q(x'|x)

Meng, et al. Concrete Score Matching: Generalized Score Matching for Discrete Data. NeurlPS 2022.
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Miscellaneous

Generative Flow \\ £ “\\\ Discrete EBMs
Networks N =2 A Training




Generative Flow Networks

GFlowNet (Learn to Sampling / Amortised MCMC)

Learn to generate discrete data x with
probability proportional to reward R(x) > 0

Zhang et al. Trajectory Balance: Generative Flow Networks for Discrete Probabilistic Modeling. ICML 2022 42



Generative Flow Networks

GFlowNet (Learn to Sampling / Amortised MCMC)

Learn to generate discrete data x with
probability proportional to reward R(x) > 0

Trajectory balance

min [E,

0 (log Zg [i=1 PF(S¢|St—1; 0) )2

R(x) [Tf=1 pB(St—-1(St; 0)
Optimal 8" implies that
pe-(x) < R(x), x ~ [1eor(selxe—1)

Zhang et al. Trajectory Balance: Generative Flow Networks for Discrete Probabilistic Modeling. ICML 2022 43



Generative Flow Networks

GFlowNet for Discrete EBMs

Ex~paatal Vo Ep (O] — Exop, [VoEg ()]

sample via GFlowNet

2
Zg [t=1 pr(St|St—1; 0) )

Step 1: MInkE_ [ lo
P 6 T( gexp(—E¢(x))H?=1PB(St—1|St;9)

Step 2:  min Ex-paaeal Vo Eo ()] — Exop, [VoEy ()]

sample via pr(S¢|St—1)

Zhang et al. Trajectory Balance: Generative Flow Networks for Discrete Probabilistic Modeling. ICML 2022
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